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Abstract — We consider universal compression of
strings where the symbols are drawn independently
according to the same unknown distribution over an
unknown alphabet. We show that the order of the
symbols can be conveyed using essentially as many
bits as needed when the distribution is known in ad-
vance.

I. BACKGROUND
In many data-compression applications the source distribu-
tion is not known, except that it belongs to a given class P
of distributions, such as independent, identically distributed
(#1d), or Markov distributions.

The worst-case redundancy of P is the lowest possible code-
length increase due to not knowing the underlying probability,
maximized over all strings and distributions in P. Formally,
P(z)
Q@)’
where A is the underlying alphabet and @ is any probability
distribution over A”.

Many results are known for distributions over finite alpha-

bets. For example, for the collection Py of iid distributions
over an alphabet of size k it has been shown [1] that

1yk
(R(’Pk,n) - % log % — log E}(ﬁ) ) =0. (1)

In particular, the per symbol redundancy, R(’Pk,n)/n, ap-
proaches zero as n increases.

7 def .
R(P,n) = minmax max log
Q PePzcAn

lim
n— oo

II. UNKNOWN ALPHABETS
In many applications, such as text compression and facsim-
ile transmission, the underlying alphabet is very large, often
comparable to the length of the string, hence the limit in (1)
does not apply. For the extreme case of infinite alphabets, Ki-
effer [2] showed that the per-symbol redundancy of any code
is bounded away from zero.

We consider strings over unknown, possibly infinite, alpha-
bets. Transmission of such strings can be viewed as consisting
of two parts: a description of the symbols, and of the order in
which they appear. For example, in the facsimile transmission
of a document, the images corresponding to each character in
the document are conveyed, then the order of the characters
is transmitted.

We concentrate on the second task: communication of the
order of the symbols. Formally, the indez I(z) of a symbol z in
a string T is one more than the number of distinct symbols pre-
ceding z in 7, and the pattern of T is the string I(x1),...,I(zy)
of indices. For example, in the string “abracadabra”, I(a) = 1,
I(b) =2, I(r) =3, I(c) = 4, and I(d) = 5, hence the pattern
of “abracadabra” is 12314151231. Although not essential to
our discussion, it can be shown that the number of patterns
of length n is the n** Bell Number.
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III. REDUNDANCY

We consider the worst-case redundancy R,(P,n) of transmit-
ting the pattern of a string generated according to a distri-
bution in P. We show that for the collection P, of iid dis-
tributions over an (unknown, possibly infinite) alphabet, the
pattern can be transmitted essentially as efficiently as if the
source distribution (and alphabet) were known in advance.

For 1 < i < n, the it" repetition number of an n-symbol
string T is the number v;(T) of symbols appearing ¢ times in

Z. It can be shown [4] that the probability distibution Q*
achieving R, (Py,n) satisfies Q*(T) o [~ (i)w"(w). Hence

i=1 \n

iV

i=1 '

R, (Pu,n) = log

IV. ASYyMPTOTICS

For convenience define #,, = exp(R,(Pu,n)). To calculate the
asymptotic value of 7, we evaluate the generating function

f o= m™
G(u)d:e Z meum,

m=0

where the first term is 1. For |u| < %,

G(u) =exp (Z m;nn7m> .

m=1

G(u) satisfies the requirements of Hayman’s Theorem [3],
hence the asymptotic values of the coefficients of G(u) can
be evaluated, and the redundancies shown to be

fn=e%Y" and R,(Pu,n) = O(Vn).

It follows that the indices of strings drawn according to
iid distributions over unknown alphabets can be transmitted
with zero asympotic per-symbol worst-case redundancy. The
same holds for average case redundancy.
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